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We study the real-space entanglement renormalization group flows of topological band insulators in (2+1) di-
mensions by using the continuum multi-scale entanglement renormalization ansatz (cMERA). Given the ground
state of a Chern insulator, we construct and study its cMERA by paying attention, in particular, to how the bulk
holographic geometry and the Berry curvature depend on the topological properties of the ground state. It is
found that each state defined at different energy scale of cMERA carries a nonzero Berry flux, which is em-
anated from the UV layer of cMERA, and flows towards the IR. Hence, a topologically nontrivial UV state
flows under the RG to an IR state, which is also topologically nontrivial. On the other hand, we found that there
is an obstruction to construct the exact ground state of a topological insulator with a topologically trivial IR
state. I.e., if we try to construct a cMERA for the ground state of a Chern insulator by taking a topologically
trivial IR state, the resulting cMERA does not faithfully reproduce the exact ground state at all length scales.
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I. INTRODUCTION
Entanglement renormalization1, as a real space renormal-
ization group (RG), has received substantial attention recently
because of the following two main reasons: firstly, its effi-
ciency in numerically finding ground states of quantum many-
body systems; secondly, on the conceptual side, its close con-
nection with the Anti-de Sitter space/conformal field theory
(AdS/CFT) correspondence.
An entanglement renormalization method addresses the
computational obstacle (‘entanglement’) of finding a highly
entangled many-body ground state. One defines a set of uni-
tary transformations, which recognizes the degrees of freedom
and efficiently removes the spurious entanglement, the obsta-
cle to finding the ground state. Combining such transforma-
tions with the coarse-graining procedure of the real space RG,
the multi-scale entanglement renormalization ansatz (MERA)
enforces that the quantum entanglement at different length
scales is removed under successive applications of the RG
transformation, allowing one to study highly entangled quan-
tum states. As a powerful variational ansatz, the lattice MERA
has been demonstrated to accurately approximate ground
states of various quantum many body systems, including sym-
metry broken phases2–6 and topologically ordered phases7,8
in (1+1) and (2+1) dimensions. In addition, to apply entan-
glement renormalization to quantum field theories (which are
defined in an inherently continuous spacetime), a continuum
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2version of MERA, namely continuum MERA (cMERA), was
recently developed9,10.
It is conjectured that the lattice MERA may be understood
as a discrete ‘realization’ of the AdS/CFT correspondence11,
where it is suggested that the MERA may capture the key ge-
ometric properties of AdS spacetime. Some recent develop-
ments along this idea can be found in Refs. 12–22. See also
Refs. 23 and 24 where a similar construction was proposed
under the name of “Exact holographic mapping”.
The connection between the lattice MERA and AdS/CFT
may also be understood based on the observation that the en-
tanglement entropy in the lattice MERA can be estimated in
a way similar to the holographic formula of the entanglement
entropy in AdS/CFT. In the classical limit of AdS/CFT, i.e.,
when the gravity is described by the Einstein equation, the en-
tanglement entropy SA of a subsystem A can be obtained by
calculating the minimal area surface25
SA =
Area(γA)
4GN
, (1.1)
where γA is the minimal area surface embedded in a higher
dimensional AdS spacetime whose boundary is A, and GN
is the Newton constant of gravity in the AdS space. In the
lattice MERA, the entanglement entropy of a subsystem A is
estimated by partitioning the MERA tensor network into two
parts, one which includes the subsystem A and its comple-
ment. It should be noted that there is no unique way to bipar-
tition the network, and we label a set of partitions at different
levels of the RG flow by γA. SA is then bounded by
SA ≤ MinγABonds(γA) · log J. (1.2)
where Bonds(γA) represents, for a given choice of the parti-
tioning γA, the number of bonds connecting the two parts of
the MERA network, and J is the dimension of bonds of the
disentangler (see below). In particular, if each bond is max-
imally entangled, then the entanglement entropy SA will be
determined by the minimal area of γA, in a fashion similar to
the AdS case as shown in Fig. 1. By identifying γA in the
lattice MERA and the area γA in AdS space, we can find
Bonds(γA) ' γA
4GN
(1.3)
up to a constant.
The requirement of maximally entangled bonds is crucial
for this identification; as discussed in Ref. 10, if the bonds
are not maximally entangled, the estimation of entanglement
entropy SA becomes more complicated, as one needs to con-
sider the bonds which are far from the minimal area. Equiv-
alently, the calculation in terms of tensor network is expected
to become ‘non-local’. At the same time, it is known that the
bulk gravity in AdS space is non-local if one does not take
the ’t Hooft limit. The case of non-maximal entangled bonds
in the lattice MERA may, therefore, correspond to the quan-
tum gravity limit in AdS space. The strong parallelism be-
tween MERA and AdS/CFT in calculating entanglement en-
tropy suggests that the ‘emergent’ geometry appearing in the
tensor network representation of the lattice MERA might be
A γ Α
MERA AdS/CFT
A
CFTd+1
AdSd+2
u=0
u=-1
u=-∞
γ Α
FIG. 1. Comparison between the calculations of entanglement en-
tropy in the lattice MERA and AdS/CFT frameworks, respectively.
The purple surface represents the minimal surfaces γA. The green
solid bonds in the lattice MERA represent disentanglers. For the
lattice MERA, the entanglement entropy of a subsystem A can be
expressed as SA ∝ min[#Bonds(γA)], while for AdS/CFT one has
SA ∝ min[Area].
the dual AdS space of the quantum states at the boundary (see
Fig. 1).
Although a complete understanding of the connection be-
tween AdS/CFT and the lattice MERA is still lacking, some
progress has been made recently. In Ref. 10, the expression
for the holographic metric in the extra dimension (which is
parametrized by the RG step) has been proposed based on
quantum field theory data in the continuous version MERA.
Furthermore, in a following work26, the holographic met-
ric after a quantum quench is also studied. It is found that
the quenched holographic metric qualitatively agrees with its
gravity dual given by a half of the AdS black hole spacetime.
From the point view of cMERA, it has also been shown that
the conformally invariant boundary states are dual to trivial
spacetimes of zero volume20, and the bulk local states and
corresponding operators in the three-dimensional AdS space
can be constructed using Ishibashi states in two-dimensional
CFTs21,22,27,28. In a different approach, MERA has been pro-
posed to be related to the kinematic space, i.e. the space of
geodesic surfaces in AdS space29,30.
In the previously mentioned references, the cMERA study
is mainly focused on free boson or free fermion systems with
trivial topological properties. In the context of non-trivial
topology, the AdS/CFT correspondence of Chern-Simons
(CS) theories has been studied recently31. It is now therefore
desirable to construct the cMERA dual to such AdS/CS corre-
spondence – the main aim of our work. To achieve this goal,
we develop the cMERA analysis of Chern band insulators in
(2+1) dimensions.
Besides the cMERA dual of AdS/CS, there are other moti-
vations for our study as follows:
(i) Recently, tensor network methods have been applied ex-
tensively to topological phases in two dimensions32–34. In
these works, the exact projected entangled pair states (PEPS)
representations of chiral topological states are obtained, al-
3though the correlations decay as an inverse power law. On
the other hand, MERA has been constructed for exactly solv-
able lattice models with topological order including the Ki-
taev toric code, the Levin-Wen string-net models and the
AKLT model7,8,35. It is noted, however, that topological
insulators36–38, e.g. Chern band insulators, have not been ex-
plicitly constructed with the lattice MERA, despite some re-
lated recent studies39. In Ref.39, it is shown that the lattice
MERA representation of a gapped topological phase, includ-
ing Chern band insulators, should exist. By taking a bond
dimension of order polynomial L, where L is the system size,
the corresponding lattice MERA should be able to achieve
high overlap with the true ground state in the thermodynamic
limit. Finding a concrete MERA network fulfilling this con-
struction has, nonetheless, proved to be a hard task. In the
present work, we find that the ground state of Chern band in-
sulators may be straightforwardly constructed in the frame-
work of cMERA, which may shed light on our understanding
of the lattice MERA structure of topological insulators.
(ii) In the previous studies, the IR state of cMERA is usu-
ally chosen as a topologically trivial state with no entangle-
ment whatsoever9,10,26. In contrast, the ground state of a Chern
insulator in (2+1)D carries a nonzero quantized momentum-
space Berry-flux (in units of 2pi). It is thus interesting to ask
what happens to such Berry flux if one performs entangle-
ment renormalization procedures. Before the calculation, one
may guess that there are mainly three possibilities, depend-
ing on the choice of IR states as follows. (i) If the IR state
carries a zero Berry-flux, then there must be a drain for the
Berry curvature in the (3+1)D bulk of cMERA towards the
IR, corresponding to a magnetic-monopole-like structure. It
is expected that a phase transition may happen through the
renormalization procedure in this case. (ii) If the IR state car-
ries a nonzero Berry flux whose amount does not equal to the
Berry flux at the UV layer, i.e., Φ(IR) 6= Φ(UV), we expect
that part of the Berry curvature flows to the IR layer, and the
other part is absorbed by the magnetic-monopole in the bulk
of cMERA. Again, there may be a phase transition in this case.
(iii) If the IR state carries the same amount of Berry flux as the
UV state, i.e., Φ(IR) = Φ(UV), we expect that all the Berry
curvature emanated from the UV layer flows to the IR layer,
and there is no magnetic monopole in the bulk of cMERA. In
this case, no phase transition happens. It is thus necessary to
obtain quantitative and exact picture on the pattern of Berry
curvature flow in the bulk of cMERA.
(iii) Besides the aforementioned topological properties, it is
also interesting to study the geometric properties of cMERA.
From the AdS/CFT correspondence point of view, different
phases at the boundary correspond to different bulk space ge-
ometries in a higher dimension. In the prior studies on topo-
logical insulators, it is known that the momentum-metric can
capture new aspects of topological phases40. Now in cMERA,
we have an emergent holographic metric in the renormaliza-
tion direction10. It is interesting to ask if this holographic met-
ric can display novel information about topological insulators,
and how the topological properties and geometric properties
affect each other in the bulk of cMERA.
In this paper, we set up towards answering some of these
questions. The paper is organized as follows. In Sec. II, we
give a short review of cMERA in various versions. In Sec.
III, starting from a topologically trivial IR state, we construct
cMERA for four different fermionic systems in (2+1) dimen-
sions, i.e., non-relativistic Chern insulators, non-relativistic
trivial insulators, relativistic insulators with positive mass and
relativistic insulators with negative mass, respectively. Then
we study the holographic geometry, band inversion, and Berry
curvature flow in the bulk of cMERA for different phases. In
Sec. IV, we construct the cMERA for Chern insulators with a
topologically nontrivial IR state, and study the corresponding
holographic geometry, band inversion as well as Berry curva-
ture flow in the bulk of cMERA. In Sec. V, we summarize our
work and mention some future directions.
II. ENTANGLEMENT RENORMALIZATION
In this section, we give a brief introduction and review of
cMERA. For the completeness of this work, we also give a
short review of the lattice MERA in Appendix VII A. Both the
lattice MERA and cMERA are developed in order to find the
ground state of many-body systems by making use of the vari-
ational principle. As an implementation of real space renor-
malization group, they are different from the conventional
method developed by Migdal, Kadanoff and Wilson41–43. For
the lattice MERA and cMERA, short-ranged entanglement is
removed during the process of coarse graining, instead of re-
moving high-energy degrees of freedom as in the conventional
RG formalism.
A. Brief review of cMERA
The continuum version of MERA (cMERA) was proposed
to understand quantum field theories within the lattice MERA
scheme9. The formulation of cMERA is very helpful for mak-
ing an explicit connection between the entanglement renor-
malization and the AdS/CFT duality. In particular, it is found
that an emergent metric in the extra holographic direction can
be defined in cMERA, where the holographic metric shows
properties expected from AdS/CFT10.To avoid confusions in
later discussions, in the following parts, we discuss three dif-
ferent pictures of cMERA respectively.
We start from an IR state
|Ψ(uIR = −∞)〉 ≡ |Ω〉, (2.1)
which may be either entangled or unentangled, and aim to find
a UV target state
|Ψ(uUV = 0)〉 ≡ |Ψ〉, (2.2)
where |Ψ〉 represents the ground state of a given Hamiltonian
at the UV length scale, e.g., a lattice in the condensed mat-
ter systems. With the same spirit as in the lattice MERA, at
each layer u, we use the disentangling operators to remove
short-ranged entanglement and perform isometry operationts
to coarse-grain (see Appendix VII A). Compared to the lattice
4MERA, we can formally replace the disentanglers and isome-
tries as follows
Vu → V (u) =e−iK(u)du,
Wu →W (u) =e−iL(u)du,
(2.3)
where du represents the infinitesimal RG step and K(u) rep-
resents a local interaction of the form
K(u) =
∫
k(r, u)ddr, (2.4)
with k(r, u) being a local combination of local field operators
ψ(r) and ∂nr ψ(r), r = |r| (in which we have assumed rota-
tional symmetry of the wavefunctions so that the disentangler
is also rotationally symmetric), and their adjoints. Here one
may make the Gaussian ansatz9
K(u) =
∞∑
n=0
∫
an(u)ψ
†(r)∂nr ψ(r) + a¯n(u)∂
n
r ψ
†(r)ψ(r)dr,
(2.5)
where an(u)(a¯n(u)) is a complex function which depends on
the layer u. L is the generator of scale transformations
L = − i
2
∫
ψ†(r)r · ∇rψ(r)− r · ∇rψ†(r)ψ(r)dr, (2.6)
based on which one can find
e−iuLψ(r)eiuL =e
d
2uψ(eur),
e−iuLψ(k)eiuL =e−
d
2uψ(e−uk).
(2.7)
1. Schro¨dinger picture
The continuum version of many-body wavefunction in
layer u (see Eq.(7.3) for the lattice version) may be written
as
|ΨS(u = 0)〉 = P exp
[
−i
∫ 0
uIR
(
K(u) + L
)
du
]
|ΩS〉,
(2.8)
where P is the path ordering operator as in Eq. (7.3), and S
represents the ‘Schro¨dinger’ picture. The physical interpre-
tation of cMERA is similar to that of the lattice MERA, i.e.,
the UV target state |ΨS(u = 0)〉 = |Ψ〉 can be constructed
from an IR state |ΩS〉 by adding short-ranged entanglement
with K(u) and doing scale transformations by L repeatedly.
The opposite way from the UV limit to the IR limit may also
be interpreted straightforwardly. As u varies from uUV = 0 to
uIR = −∞, by removing entanglement and doing scale trans-
formations repeatedly, we end up with a state |ΩS〉which may
be unentangled. Eq. (2.8) can be generalized to an arbitrary
layer u as
|ΨS(u = 0)〉 =P exp
[
−i
∫ 0
u
(
K(u′) + L
)
du′
]
|ΨS(u)〉.
(2.9)
|k| = Λ
Layer u
|k| = Λ e -u
u  =-∞   IR u   =0  UV
FIG. 2. Scheme of the momentum region where the Hilbert space
in the ‘Schro¨dinger’ picture is defined. At layer u, the Hilbert space
is defined within 0 ≤ |k| ≤ Λe−u, as indicated by the solid line.
The disentangler K(u) creates/removes entanglement with a con-
stant cut-off Λ, as indicated by the red dotted line. Effectively, as u
goes deeper towards uIR, the disentangler creates/removes entangle-
ment for smaller |k| (i.e., |k|eµ) in the original system at uUV, which
corresponds to a larger length scale in real space.
Based on this, we obtain ‘Schro¨dinger’s equation’
i
∂
∂u
|ΨS(u)〉 = [K(u) + L] |ΨS(u)〉. (2.10)
It is beneficial to check the Hilbert space in which |ΨS(u)〉
is defined. First, one notes that the disentangler K(u) only
creates (or removes) entanglement and will not change the
Hilbert space. Therefore, one only needs to check the effect
of L. Now we consider a single particle state in momentum
space in (d + 1) dimensions. At layer uUV = 0, the single
particle state can be written as
|φS(u = 0)〉 =
∫
|k|≤Λ
ddkφ(k)ψ†(k)|vac〉, (2.11)
where Λ is a UV cut-off in momentum space. Then the single
particle state at layer u according to Eq. (2.10) reads
|φS(u)〉 =e−iLu|φ(u = 0)〉
=
∫
|k|≤Λ
ddkφ(k)e−iLuψ†(k)eiLu|vac〉, (2.12)
where we have used e−iLu|vac〉 = |vac〉. By using the for-
mula in Eq. (2.7) one can find
|φS(u)〉 =
∫
|k|≤Λe−u
ddke−
d
2uφ(keu)ψ†(k)|vac〉, (2.13)
5which means |φS(u)〉 is now defined in the region 0 ≤ |k| ≤
Λe−u. At the same time,K(u) is assumed to create or remove
entanglement with a constant cut-off |k| ≤ Λ, which is inde-
pendent of the layer u.9 As shown in Fig. 2, we plot schemat-
ically the region where the Hilbert space at layer u is defined,
as well as the region within which entanglement is created or
removed (on which the disentangler operates). It can be found
that as u goes deeper towards uIR, the disentangler K(u) ef-
fectively creates/removes entanglement for smaller |k| in the
layer u = uUV. This is as expected because in the lattice
MERA as u goes deeper towards uIR, entanglement is cre-
ated/removed in a larger length scale, which corresponds to a
smaller momentum scale.
2. Heisenberg picture
For convenience, we define the unitary operator
U(0, u) = P exp
[
−i
∫ 0
u
(
K(u′) + L
)
du′
]
. (2.14)
Suppose O is some local operator defined in the layer u =
uUV = 0, then by moving to the ‘Heisenberg picture’, one can
define O(u) at layer u as the following
O(u) = U(0, u)−1 ·O · U(0, u), (2.15)
based on which one can get ‘Heisenberg’s equation of motion’
dO(u)
du
= −i[K(u) + L,O(u)]. (2.16)
It is noted that the ‘Heisenberg’ picture is used in Ref. 9.
3. Interaction picture
As will be seen later, it is useful to move to the ‘interaction’
picture, i.e.,
|ΨI(u)〉 = eiuL|ΨS(u)〉. (2.17)
Combining with the Schro¨dinger’s equation in Eq. (2.10), one
can obtain
i
∂
∂u
|ΨI(u)〉 = Kˆ(u)|ΨI(u)〉, (2.18)
where
Kˆ(u) = eiuLK(u)e−iuL. (2.19)
Then the wavefunction |ΨI(u)〉 at layer u can be expressed as
|ΨI(u)〉 = P exp
(
−i
∫ u
uIR
Kˆ(u′)du′
)
|ΩI〉, (2.20)
or
|ΨI(u)〉 = P˜ exp
(
i
∫ 0
u
Kˆ(u′)du′
)
|ΨI(u = 0)〉, (2.21)
where P˜ represents the path ordering operator which orders
operators in an opposite order relative to P . In this way, at
each layer u, |ΨI(u)〉 is defined in the same Hilbert space
with 0 ≤ |k| ≤ Λ. The unitary operation defined in Eqs.
(2.20) or (2.21), after factoring out scale transformation, cre-
ates/removes entanglement within |k| ≤ Λeu (See also Eq.
(3.5) in the next section for example.). Note that in the lan-
guage of AdS/CFT, the factor e−iuL corresponds to the warp
factor of the AdS metric.
|k| = Λ
 eu
Layer u
u  =-∞   IR u   =0  UV
|k
|<
< 
Λ
|k
| ≤
 Λ
FIG. 3. Scheme of the momentum region where the Hilbert space in
the ‘interaction’ picture is defined. The Hilbert space at each layer
u is the same, in correspondence with the ‘interaction’ picture of
MERA in Fig.16. The boundary |k| = Λeu defines a cone within
which quantum entanglement can be created/removed. The region
defined by |k|  Λ is the low energy physics region.
The merit of the ‘interaction’ picture is that at each layer
u of the cMERA, we have the same Hilbert space defined in
0 ≤ |k| ≤ Λ in momentum space. This allows us to define
and calculate the overlap 〈Ψ(u)|Ψ(u + du)〉, from which we
extract the emergent metric guu(u) in the holographic direc-
tion, as will be discussed later. To have an intuitive picture, in
Fig. 3 we show schematically the momentum region where the
Hilbert space is defined in the interaction picture. The bound-
ary |k| = Λeu defines a cone in which entanglement can be
created/removed. Given an IR state |Ω〉 at u = uIR, the region
outside the cone is trivial because no entanglement is added.
This is in analogy with the dangling unentangled |0〉s in Fig.
16.
In the rest of this paper, we will work in the ‘interaction’
picture, and for convenience we will simply write |ΨI(u)〉 as
|Ψ(u)〉.
III. CMERA OF TOPOLOGICAL INSULATORS WITH A
TOPOLOGICALLY TRIVIAL IR STATE
Here we refer the IR state to be topologically trivial (non-
trivial) if the corresponding cMERA constructed wavefunc-
tion |Ψ(u)〉 at each layer u carries a zero (nonzero) Berry flux.
6A. cMERA of Chern insulators in (2+1)D
In Refs. 9, 10, and 26, cMERA of a relativistic free fermion
system has been studied. This method can be generalized to
various gapped phases in a straightforward way. Here we fo-
cus on a two-band free fermion system in (2+1) dimensions,
defined by the Hamiltonian
H =
∫
d2kψ†(k) [R(k) · σ]ψ(k), (3.1)
where ψ(k) = [ψ1(k) ψ2(k)]T , and ψ1,2(k) are fermion
operators satisfying the canonical anti-commutation relation
{ψ1(k), ψ†1(k′)} = {ψ2(k), ψ†2(k′)} = δ(k − k′). As a
comparison, besides the Chern insulators, we will also con-
sider non-relativistic trivial insulators and relativistic insula-
tors with m > 0 and m < 0, respectively. For convenience
of labeling, we will use a, b, c, d to represent non-relativistic
Chern insulators, non-relativistic trivial insulators, relativistic
insulators with m > 0, and relativistic insulators with m < 0
respectively44, with
Ra(k) = (kx, ky,m− k2), m > 0
Rb(k) = (kx, ky,m− k2), m < 0
Rc(k) = (kx, ky,m), m > 0
Rd(k) = (kx, ky,m), m < 0
(3.2)
where k = |k|. The ground state corresponding to the Hamil-
tonian in Eq. (3.1) can be expressed as
|Ψ〉 =
∏
|k|≤Λ
(
ukψ
†
2(k)− vkψ†1(k)
)
|vac〉, (3.3)
where uk and vk are expressed in terms of R(k) (See Ap-
pendix VII B for details.). Our aim is to find a proper IR state
|Ω〉 and the associated disentanglers which generate |Ψ〉 as the
UV state. Next, we will derive the expression for the wave-
function |Ψ(u)〉 at each layer u of cMERA. The wavefunction
|Ψ(u)〉 is supposed to interpolate |Ω〉 to |Ψ〉 as u sweeps over
(uIR, uUV] = (−∞, 0].
In the ‘interaction’ picture of cMERA, the fermion operator
ψ˜(k, u) in layer u is related with ψ(k) as
ψ˜(k, u) = Pe−i
∫ u
uIR
Kˆ(s)ds
ψ(k)P˜ei
∫ u
uIR
Kˆ(s)ds
. (3.4)
Since the free fermion model is gaussian, one may make the
gaussian ansatz for the disentangler
Kˆ(u) =i
∫
d2k
[
gk(u)ψ
†
1(k)ψ2(k) + g
∗
k(u)ψ1(k)ψ
†
2(k)
]
,
(3.5)
where gk(u) is chosen of the form
gk(u) = g(u)Γ
( |k|
Λeu
) |k|
Λeu
e−iθk =: grk(u)e
−iθk , (3.6)
where Γ(x) = Θ(1 − |x|) is the hard cut-off function, g(u)
is a complex function that we need to solve for, and θk is
defined through k cos θk = kx and k sin θk = ky . The disen-
tangler in Eq. (3.5) indicates that at each layer u, the quantum
entanglement can be created/removed only within the region
|k| ≤ Λeu, as schematically shown in Fig. 3. In fact, based
on the expression of gk(u) in Eq. (3.6), one can find that the
disentangler adds/removes entanglement mainly in the region
|k| ' Λeu.
It is noted that Eq. (3.4) can be considered as a unitary
transformation, i.e.,
ψ˜(k, u) = Mk(u)ψ(k), (3.7)
where we have introduced the matrix Mk(u) as
Mk(u) :=
(
Pk(u) Qk(u)
−Q∗k(u) P ∗k (u)
)
= P˜ exp
(∫ u
uIR
Gk(u
′)du′
)
,
(3.8)
with |Pk(u)|2 + |Qk(u)|2 = 1 and
Gk(u) =
(
0 −gk(u)
g∗k(u) 0
)
. (3.9)
Equivalently, one has
dMk(u)
du
= Gk(u)Mk(u). (3.10)
By solving the differential equation above, one can obtain the
general solution asQk(u) =− ie
−iθk
(
A∗e−i
∫ u grk(u′)du′ −B∗ei ∫ u grk(u′)du′) ,
Pk(u) =Ae
i
∫ u grk(u′)du′ +Be−i ∫ u grk(u′)du′ .
(3.11)
The wavefunction |Ψ(u)〉 at layer u constructed from cMERA
is defined by
ψ˜1(k, u)|Ψ(u)〉 = 0, ψ˜†2(k, u)|Ψ(u)〉 = 0, (3.12)
with the explicit expression
|Ψ(u)〉 =
∏
|k|≤Λ
ψ˜†2(k, u)|vac〉
=
∏
|k|≤Λ
(
Pk(u)ψ
†
2(k)−Qk(u)ψ†1(k)
)
|vac〉.
(3.13)
Therefore, now our task is reduced to solving differential
equations in Eq. (3.10) under the boundary conditions
|Ψ(u = uIR)〉 = |Ω〉, |Ψ(u = uUV)〉 = |Ψ〉. (3.14)
It is noted that there may be many choices of |Ω〉. In the prior
study on free fermion systems9,10,26, |Ω〉 is chosen as an unen-
tangled state, e.g., |Ω〉 = ∏|k|≤Λ ψ†2(k)|vac〉.
For the non-relativistic Chern insulator, by comparing
|Ψ(u)〉 with the boundary condition at the UV limit (see Eq.
7(7.10)), one can simply set A and B in Eq. (3.11) to be real,
so that A = B = 1/2. Then one can obtain
Qk(u) =− e−iθk sin
∫ u
uIR
grk(u
′)du′
Pk(u) = cos
∫ u
uIR
grk(u
′)du′,
(3.15)
based on which one can find that in the IR limit,
|Ψ(u→ uIR)〉 =
∏
|k|≤Λ
ψ†2(k, u)|vac〉, (3.16)
which is the unentangled IR state used in the prior studies on
free fermion systems.9,10,26
The same procedure applies to the other three phases in Eq.
(3.2). In particular, for the relativistic insulators with m > 0
(i.e., i = c), Qbk(u) and P
b
k(u) have the same expressions as
those in Eq. (3.15). On the other hand, for the two phases with
m < 0 (i.e., i = b, d), one has
Q
b(d)
k (u) =− cos
∫ u
uIR
grk(u
′)du′,
P
b(d)
k (u) =− e−iθk sin
∫ u
uIR
grk(u
′)du′.
(3.17)
It is straightforward to check that the IR states for the four
phases are |Ωa(c)〉 = ∏|k|≤Λ ψ†2(k)|vac〉 and |Ωb(d)〉 =∏
|k|≤Λ ψ
†
1(k)|vac〉, all of which are un-entangled states. The
difference between |Ωa(c)〉 and |Ωb(d)〉 are simply caused by
the sign change of the mass term m.
Next, by considering the boundary condition at the UV
limit, i.e.,
|Ψi(u = uUV)〉 = |Ψi〉, (3.18)
where i = a, b, c, d, one can fix the form of g(u) (and thus
those of grk(u) and gk(u)) in the disentangler (see the Ap-
pendix for details of calculation) as follows
ga(u) =
1
2
Λeu(m+ Λ2e2u)
(m− Λ2e2u)2 + Λ2e2u
−arctan Λe
u√
(m− Λ2e2u)2 + Λ2e2u + (m− Λ2e2u) ,
(3.19)
gb(u) =
1
2
Λeu(m+ Λ2e2u)
(m− Λ2e2u)2 + Λ2e2u
+arctan
Λeu√
(m− Λ2e2u)2 + Λ2e2u − (m− Λ2e2u) ,
(3.20)
gc(u) =
1
2
mΛeu
m2 + Λ2e2u
− arctan Λe
u
√
m2 + Λ2e2u +m
,
(3.21)
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FIG. 4. gi(u) for (a) a non-relativistic Chern insulator (b) a non-
relativistic trivial insulator (c) a relativistic insulator withm > 0 and
(d) a relativistic insulator with m < 0. The parameters we use are
(a) m = 2 (b) m = −2 (c) m = 2 and (d) m = −2. And Λ = 1000
is used for all cases.
and
gd(u) =
1
2
mΛeu
m2 + Λ2e2u
+ arctan
Λeu√
m2 + Λ2e2u −m.
(3.22)
As shown in Fig. 4, it is noted that in the IR limit, one has
g(u) = 0 for all the four phases, which indicates that no en-
tanglement is added/removed in the IR layers. In the UV limit,
one has 
ga(uUV) =− pi/2,
gb(uUV) =0,
gc(uUV) =− pi/4,
gd(uUV) = + pi/4.
(3.23)
Furthermore, there are some more interesting features in
gi(u). For example, one can observe a peak as well as a sign
change in ga(u). We will see how these features play an im-
portant role in determining the Berry curvature flow in the
bulk of cMERA later. In addition, by considering the limit
|m| → 0 in Eqs. (3.21) and (3.22), one can obtain
gc(u,m→ 0+) = −pi
4
(3.24)
and
gd(u,m→ 0−) = +pi
4
, (3.25)
which reproduce the result in Ref. 10. gc(d)(u) is independent
of layer u because the |m| → 0 limit in relativistic insulators
corresponds to a critical point, and therefore the correspond-
ing bulk theory in cMERA is scale invariant. This is similar
to the scale invariant lattice MERA45,46, where both the tensor
network structure and disentanglers do not change as one goes
deeper towards uIR.
8B. Emergent Holographic Metric in cMERA
The definition of holographic metric guu(u) for a general
quantum field theory in cMERA was discussed in Ref.26. By
comparing with the classical gravity limit of AdS/CFT, the
authors find the metric guu(u) should measure the density of
the strength of the disentanglers. One natural choice is the
quantum metric defined through the overlap between wave-
functions |Ψ(u)〉 and |Ψ(u+ du)〉 in the following
guu(u) =
1
N
∫
d2kguu(u,k), (3.26)
where
guu(k, u)du
2 = 1− |〈Ψ(k, u)|Ψ(k, u+ du)〉|2, (3.27)
andN is the normalization factor with the concrete formN =∫
ddk. |Ψ(k, u)〉 is a single-particle wavefunction defined as
|Ψ(k, u)〉 =
(
Pk(u)ψ
†
2(k)−Qk(u)ψ†1(k)
)
|vac〉. (3.28)
To have a better understanding of this definition, one may
consider the limit that no entanglement is added at layer u,
which means 〈Ψ(k, u)|Ψ(k, u+ du)〉 = 1, and therefore one
ends with guu(u) = 0. On the other hand, if more entangle-
ment is added at layer u, then the overlap |〈Ψ(k, u)|Ψ(k, u+
du)〉| becomes smaller, and therefore one has a larger guu(u).
This means guu(u) can indeed measure the density of the
strength of disentanglers. To see clearly the relation between
guu(u) and disentanglers Kˆ(k, u), one notes that Eq. (3.27)
can be rewritten as
guu(k, u) =Re〈∂uΨ(k, u)|∂uΨ(k, u)〉
− 〈∂uΨ(k, u)|Ψ(k, u)〉〈Ψ(k, u)|∂uΨ(k, u)〉.
(3.29)
Then by using Eq. (2.18), one can immediately obtain
guu(k, u) =〈Ψ(k, u)|Kˆ2(k, u)|Ψ(k, u)〉
−
∣∣∣Ψ(k, u)|Kˆ(k, u)|Ψ(k, u)〉∣∣∣2 . (3.30)
Next we will apply the definition of guu(u) to concrete sys-
tems, e.g., Chern insulators in (2+1) dimensions. The cMERA
constructed wavefunction for Chern insulators at layer u has
been obtained in Eqs. (3.13) and (3.15). Based on Eq. (3.29),
one can find
guu(k, u) = (g
r
k(u))
2
= g2(u)
k2
Λ2e2u
Γ
(
k
Λeu
)
. (3.31)
Therefore, for Chern insulators in (2+1) dimensions, one can
get
guu(u) =
∫
|k|≤Λeu d
2kg2(u) k
2
Λ2e2u∫
|k|≤Λeu d
2k
=
1
2
g(u)2. (3.32)
In addition, by checking the other three phases, it is straight-
forward to obtain
giuu(u) =
1
2
gi(u)2, (3.33)
where i = a, b, c, d, and the explicit expression of gi(u) has
been obtained in Eqs. (3.19)∼(3.22). Note that for all the four
cases, giuu vanishes in the IR layers.
For other components of the metric, one can find their gen-
eral expressions in Appendices VII C.
C. Band inversion in cMERA of Chern insulators
To study the Chern band insulator, it is helpful to
check the behavior of pseudo spin configuration ~d(k, u) :=
〈Ψ(k, u)|~σ|Ψ(k, u)〉, the z component of which can be used
to track the band inversion of the corresponding Hamiltonian.
For convenience, we denote
ϕk(u) =
∫ u
uIR
grk(u
′)du′. (3.34)
Then based on Eqs. (3.15) and (3.17), one has
da(c)z (k, u) =− cos 2ϕa(c)k (u),
db(d)z (k, u) = cos 2ϕ
b(d)
k (u),
(3.35)
where the minus sign difference results from m > 0 for phase
a(c) and m < 0 for phase b(d).
As shown in Fig. 5, we plot 〈Ψ(k, u)|σz|Ψ(k, u)〉 as a func-
tion of layer u and momentum |k| in the region |k|  Λ.
One can find that the band inversion happens only for the non-
relativistic Chern insulator, which agrees with our knowledge
in the UV limit. As shown in Fig. 5(a), for cMERA of Chern
insulators, band inversion happens in the UV layer u = uUV.
As u goes deeper towards uIR, the band inversion insists until
u is near u∗, which is defined by
|m| = Λ2e2u∗ . (3.36)
It is noted that for relativistic insulators, u∗ is defined by
|m| = Λeu∗ . Next we will discuss how the band inversion
in region |k|  Λ is related with the behavior of gi(u). For
convenience, we divide each plot in Fig. 5 into three regions
as follows.
Region I : uIR < u < u∗,
Region II : u∗ < u ≤ uUV, k < k∗,
Region III : u∗ < u ≤ uUV, k∗ < k  Λ,
where k∗ is defined by |m| = (k∗)2 for non-relativistic insu-
lators, and |m| = k∗ for relativistic insulators. The relation
between k∗ and u∗ is
k∗ = Λeu
∗
. (3.37)
Then the behavior of diz(k, u) can be analyzed as follows.
(i) Region I: From the behavior of gi(u) in Fig. 4, we have
gi(u < u∗) ' 0. Therefore, by using the definition in Eq.
(3.34), one has ϕik ' 0. Then one can immediately obtain{
da(c)z (k, u) '− 1,
db(d)z (k, u) '+ 1.
(3.38)
9FIG. 5. diz(k, u) for (a) a non-relativistic Chern insulator (b) a non-
relativistic trivial insulator (c) a relativistic insulator withm > 0 and
(d) a relativistic insulator with m < 0. Band inversion happens only
for case (a), which is related with the UV behavior of gi(u). The
parameters we choose are ma = mc = 10, mb = md = −10 and
Λ = 1000, based on which one has u∗ ' −5.76 by using Eq. (3.36).
Note that the result is independent of momentum k. In other
words, for uIR < u < u∗, as we change momentum k, there
is no band inversion happening.
(ii) Region II: In this region, gi(u) has a finite value for
u∗ < u < uUV. However, the factor |k|/Λeu in Eq. (3.6) goes
to zero as we increase u from u = u∗. Then, again, one has
ϕik(u) ' 0 and diz(k, u) shows the same feature as that in Eq.
(3.38).
(iii) Region III: In this region, one can replace gi(u) with
gi(uUV) as an approximation. Then ϕik(u) in Eq. (3.34) can
be expressed as
ϕik(u > u
∗) = gi(uUV)
∫ u
log k/Λ
du′
k
Λeu′
,
which can be simplified as
ϕik(u > u
∗) = gi(uUV)
(
1− k
Λeu
)
.
By considering the limit u → uUV and k  ΛeuUV , it is
straightforward to obtain
daz(k, u→ uUV)→ 1
dbz(k, u→ uUV)→ 1
dcz(k, u→ uUV)→ 0−
ddz(k, u→ uUV)→ 0+
which can be observed in the upper right of each plot in Fig.
5.
In short sum, with appropriate approximation, we show that
(i) For uIR < u < u∗, there is no band inversion for all the four
phases as we change momentum k. (ii) For u∗ < u < uUV,
as we increase the momentum k across k = k∗, the value of
diz(k, u) changes as follows
daz(k, u) : −1→ +1,
dbz(k, u) : +1→ +1,
dcz(k, u) : −1→ 0−,
ddz(k, u) : +1→ 0+.
One can find that only the non-relativistic Chern insulator
shows the band inversion behavior for u > u∗, which indi-
cates that the system is in a topologically nontrivial phase. On
the other hand, for u < u∗, there is no band inversion happen-
ing as we change k, which indicates the system is in a topolog-
ically trivial phase. Therefore, as u goes across u∗ from the IR
side to the UV side, it seems that we have a phase transition
from a topologicaly trivial phase to a topologically nontrvial
phase. Therefore, it may be viewed as a ‘topological phase
transition’ in the direction of entanglement renormalization.
Before we end this part, we emphasize that the discussion
above is based on the assumption k  Λ, i.e., we focus on
the low energy physics region. In the following parts, we will
study the topological property of the four systems in the whole
region 0 ≤ k ≤ Λ.
D. Berry curvature flow in cMERA of Chern insulators
To further understand the ‘topological phase transition’ in
the previous part, we study the Berry curvature flow in the
bulk of cMERA for a Chern insulator. It is known that
Chern insulators are distinguished from trivial insulators by
a nonzero quantized Chern number, which can be viewed as
a Berry flux in momentum space. Therefore, there must be
some Berry curvature emanated from the UV layer of cMERA
for a Chern insulator. On the other hand, we know that the IR
state is unentangled and there is no Berry curvature. One may
ask where does the Berry curvature flow? We will study this
problem in this part.
Based on the cMERA constructed single particle wavefunc-
tion |Ψ(k, u)〉 in Eq. (3.28), one can obtain the Berry connec-
tion for a Chern insulator as follows
Ak(k, θk;u) =− i〈Ψ(k, u)|∂k|Ψ(k, u)〉 = 0,
Aθk(k, θk;u) =−
i
k
〈Ψ(k, u)|∂θk |Ψ(k, u)〉 = −
1
k
sin2 ϕk(u),
Au(k, θk;u) =− i〈Ψ(k, u)|∂u|Ψ(k, u)〉 = 0.
(3.39)
The Berry curvature can be obtained by calculating
~F = ∇× ~A,
which can be explicitly expressed as
~Fa(k, θk;u) =uˆFau(k, θk;u) + kˆFak (k, θk;u)
=uˆ
[
−1
k
sin 2ϕk(u)∂kϕk(u)
]
+ kˆ
[
1
k
sin 2ϕk(u)∂uϕk(u)
]
.
(3.40)
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FIG. 6. Comparison of the cMERA constructed Berry curvature
F iu(k, θk;u = uUV) and the exact results for (a) a non-relativistic
Chern insulator (b) a non-relativistic trivial insulator (c) a relativistic
insulator with m > 0 and (d) a relativistic insulator with m < 0.
The parameters we used are (a) m = 2 (b) m = −2 (c) m = 2 and
(d) m = −2. We use Λ = 1000 for all cases.
uˆ and kˆ are unit vectors along the renormalization direction
and the momentum direction, respectively. This is an emer-
gent Berry curvature due to the extra renormalization direction
uˆ. By checking the other three phases with the same proce-
dures, one can find that ~Fc(k, θk;u) for the relativistic insula-
tors with m > 0 has the same expression as that in Eq. (3.40).
For the other two phases with i = b and d, one has
~Fb(d)(k, θk;u) =uˆ
[
1
k
sin 2ϕ
b(d)
k (u)∂kϕ
b(d)
k (u)
]
+ kˆ
[
−1
k
sin 2ϕ
b(d)
k (u)∂uϕ
b(d)
k (u)
]
.
(3.41)
Again, the sign difference between cases a(c) and b(d) is
caused by the sign change of mass term. To check the va-
lidity of the formulas in Eqs. (3.40) and (3.41), we compare
the cMERA constructed F iu(k, θk;u = uUV) with the exact
results in the low energy physics region. As shown in Fig. 6,
the cMERA results agree with the exact results in an excellent
way.
Next, we will focus on the case of Chern insulators, and see
what happens for ~F(k, θk;u) if u deviates from u = uUV and
goes deeper towards uIR. In other words, we hope to study the
Berry curvature flow in the bulk of cMERA. As shown in Fig.
7, according to Eqs. (3.34) and (3.40), we plot ~F(k, θk;u) as
a function of momentum k = |k| and layer u. It is found that
the Berry curvature ~F(k, θk;u) emanated from the UV layer
uUV flows towards the IR layer uIR. Before it reaches u = u∗,
~F(k, θk;u) is bent backwards along k = Λeu. In addition, it
can be observed that a vortex feature develops near u = u∗.
Then we may ask two questions. (i) How does the vortex
feature in ~F(k, θk;u) arise? (In the appendices, we also cal-
culate the Berry curvature flow for the other three phases, and
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FIG. 7. Berry curvature flow in cMERA of Chern insulators. The
Berry curvature emanated from the UV layer is bent backward along
k = Λeu, before it reaches u = u∗. In addition, a vortex feature
develops near u = u∗. The parameters we use are m = 10 and
Λ = 1000, based on which one has u∗ ' −5.76.
there is no vortex feature for these three phases.) (ii) Now
that the Berry curvature is bent backwards along k = Λeu,
where does the Berry curvature flow finally? For question (i),
as discussed in detail in Appendices VII B 5, it is shown that
the vortex feature in the Berry curvature flow is mainly caused
by the sign change of ga(u) in Fig. 4(a). Now we are mainly
interested in question (ii) as follows.
At the UV layer uUV, we calculate the Berry flux in the
region k′ ≤ k, i.e.,
Φ(k, u = 0) =
∫
dθk
∫ k
k′dk′Fu(k′, θk;u = 0),
and compare it with the exact result, as shown in Fig. 8. For
the case of Chern insulators in Fig. 8 (a), one can find that
for k  Λ, the Berry flux Φ(k, u = 0)/2pi calculated from
cMERA agrees with the exact result very well, and it reaches
−1 at certain k, which is much smaller than Λ. However,
as k increases further, the Berry flux deviates from the exact
result, and decays from −1 to 0 gradually as k → Λ. This in-
dicates that the cMERA result is not exact for large k, which
was also observed in Ref. 9. In addition, because we do not
find any ‘source’ or ‘drain’ for the Berry curvature in the bulk
of cMERA, this total zero flux Φ(k = Λ, u = 0) = 0 indi-
cates that all the Berry curvature emanated from the low en-
ergy physics region of the UV layer flows back to the UV layer
itself.
In fact, the conclusion above can be more transparently un-
derstood by checking the cMERA constructed wavefunction.
It is noted there is no singularity in the cMERA constructed
wavefunction |Ψ(k, u)〉. Therefore, based on Eq. (3.39), the
Berry flux can be expressed as
Φ(k, u = 0)
2pi
=
1
2pi
∫
A(k, θk;u = 0)kdθk
=− sin2 ϕk(u = 0).
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FIG. 8. Berry flux Φi(u = 0)/2pi for (a) a non-relativistic Chern
insulator (b) a non-relativistic trivial insulator (c) a relativistic Chern
insulator with m > 0 and (d) a relativistic Chern insulator with m <
0. The parameters we used are (a) m = 2 (b) m = −2 (c) m = 2
and (d) m = −2. We use Λ = 1000 for all cases.
Considering ϕk(u = 0) = 0 for k = Λ, one immediately
obtains
Φ(k = Λ, u = 0) = 0,
which agrees with our numerical calculation. Similarly, at
each layer u, one can find Φ(k = Λ, u) = 0. Therefore, the
total Berry flux at each layer is conserved to be zero.
To conclude, in this part we study the Berry curvature flow
in the bulk of cMERA for a Chern insulator. In the low energy
physics region k  Λ, cMERA can reproduce the exact re-
sults on Berry curvature in the UV layer. However, it is found
that the Berry curvature, which is emanated from the low en-
ergy physics region, after bent back near u = u∗, flows back-
wards to the large k region in the layer u = uUV, as schemati-
cally shown in Fig. 9 (a). Therefore, the cMERA constructed
wavefunction in the whole layer u = uUV is topologically triv-
ial, although we can see the band inversion feature in the low
energy physics region. From this point of view, the ‘topologi-
cal phase transition’ we found in the previous part is not a true
phase transition.
It is interesting to compare the Berry curvature flow in
cMERA for all the four phases. By repeating the same pro-
cedures for Chern insulators (see Appendices VII B), we ob-
tain the Berry curvature flow in the low energy physics region.
(See Fig. 17, Fig. 18 and Fig. 19, respectively.) It is found that
there is no vortex feature in cMERA for the other three phases,
because there is no sign change in the corresponding gi(u).
We also check the Berry flux distribution in the whole re-
gion 0 ≤ |k| ≤ Λ for the four phases, as shown in Fig. 8.
For relativistic insulators with both m > 0 and m < 0, one
has similar conclusions as that of non-relativistic Chern insu-
lators. The Berry flux Φ(k, u)/2pi reaches ∼ ∓12 at certain k
which is much smaller than Λ, and then decays to zero grad-
ually as k increases to Λ. On the other hand, for the non-
relativistic trivial insulators, the Berry flux Φ(k, u)/2pi ob-
tained from cMERA agrees with the exact result in the whole
region 0 ≤ |k| ≤ Λ. In addition, one can find that the to-
tal Berry flux in the low energy physics region |k|  Λ is
already zero, and the large k region does not contribute any
Berry curvature.
Based on the analysis above, we summarize the features of
Berry curvature flow in cMERA for the four phases as follows,
with the schematic plotting shown in Fig. 9:
(a) Non-relativistic Chern insulator:
A bundle of Berry curvature with a total Berry flux −2pi
is emanated from the low energy physics region in the UV
layer u = uUV. These Berry curvature is bent backwards near
u = u∗, and flows back to the large k region in the UV layer.
In addition, a vortex feature develops near u = u∗.
(b) Non-relativistic trivial insulator:
A bundle of Berry curvature is emanated from the low en-
ergy physics region in the UV layer u = uUV. These Berry
curvature is bent backwards near u = u∗, and flows back to
the low energy physics region itself in the UV layer. No Berry
curvature is emanated or absorbed in the large k region.
(c) Relativistic insulator with m > 0:
A bundle of Berry curvature with a total Berry flux −pi is
emanated from the low energy physics region in the UV layer
u = uUV. These Berry curvature is bent backwards near u =
u∗, and flows back to the large k region in the UV layer.
(d) Relativistic insulator with m < 0:
A bundle of Berry curvature with a total Berry flux −pi is
emanated from the large k region in the UV layer u = uUV.
These Berry curvature is bent backwards near u = u∗, and
flows back to the low energy physics region in the UV layer.
In other words, we simply reverse the direction of Berry cur-
vature flow in (c).
IV. CMERA OF TOPOLOGICAL INSULATORS WITH A
TOPOLOGICALLY NONTRIVIAL IR STATE
We show in the previous section that, with a topologically
trivial IR state, one cannot construct the exact ground state of a
Chern insulator with a nonzero Chern number. To recover the
nontrivial topological property of the exact ground state, we
may have to consider a cMERA with a topologically nontrivial
IR state.
Before we move on to the cMERA with a topologically
nontrivial IR state, it is helpful to review the prior works on
the lattice MERA construction of topological phases. In Refs.
7 and 8, the lattice MERA of Kitaev’s toric code model and
Levin-Wen’s string-net model have been constructed in an ex-
act way. It is found that the state at each layer of the lattice
MERA has nontrivial topological properties, and it will never
flow to a topologically trivial IR state. Recently, the symme-
try protected entanglement renormalization was proposed35,
which is applied to the lattice MERA construction of a sym-
metry protected topological (SPT) phase. In particular, for the
AKLT state, it is found that as long as theZT2 symmetry is pre-
served in the process of RG flow, the state in each layer of the
lattice MERA is nontrivial in topology. In addition, in Ref.
39, although a concrete lattice MERA network for a Chern
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FIG. 9. Schematic plot of Berry curvature flow for (a) a non-relativistic Chern insulator, (b) a non-relativistic trivial insulator, (c) a relativistic
Chern insulator with m > 0 and (d) a relativistic Chern insulator with m < 0.
band insulator is still difficult to find, procedures to construct
the lattice MERA are proposed: Starting from a ‘top’ tensor,
which represents the exact ground state of a small cluster of
a Chern insulator, by using disentangler and isometry oper-
ations on and on, one may be able to construct the ground
state of a Chern insulator in a very large size. Apparently, the
state at each layer inherits the topologically nontrivial prop-
erty from the ‘top’ tensor. In short, based on previous works,
it suggests that in the lattice MERA, a topologically nontrivial
UV state always flows to a topologically nontrivial IR state.
Therefore, we believe that in cMERA, a continuous version
of the lattice MERA, we may have a parallel story.
A. cMERA of Chern insulators in (2+1)D with a topologically
nontrivial IR state
The main procedures are the same as those in Sec. III. The
cMERA constructed many-body wavefunction at each layer
has the form
|Ψ(u)〉 =
∏
|k|≤Λ
(
Pk(u)ψ
†
2(k)−Qk(u)ψ†1(k)
)
|vac〉. (4.1)
where the expressions of Qk(u) and Pk(u) can be found in
Eq. (3.11). For convenience, we rewrite them hereQk(u) =− ie
−iθk
(
A∗e−i
∫ u grk(u′)du′ −B∗ei ∫ u grk(u′)du′) ,
Pk(u) =Ae
i
∫ u grk(u′)du′ +Be−i ∫ u grk(u′)du′ .
(4.2)
where grk(u) is defined through Eq. (3.6). Instead of choosing
A = B = 1/2, to have a topologically nontrivial IR state, we
choose A = −B = −i/2. Then one can obtain

Qk(u) =e
−iθk cos
∫ u
uIR
grk(u
′)du′
Pk(u) = sin
∫ u
uIR
grk(u
′)du′,
(4.3)
In particular, in the IR limit, one has
|Ωnontrivial〉 := |Ψ(u→ uIR)〉 =
∏
|k|≤Λ
(
−e−iθkψ†1(k)
)
|vac〉.
(4.4)
Here we use ‘nontrivial’ because the cMERA constructed
wavefunction |Ψ(u)〉 at arbitrarily finite layer u carries a
nonzero Berry flux Φ/2pi = −1, as discussed in detail later.
Next, by requiring
|Ψ(u = uUV)〉 = |Ψ〉, (4.5)
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FIG. 10. dz(k, u) in the bulk of cMERA for a non-relativistic Chern
insulator with a nontrivial IR state. The parameters we use are m =
10 and Λ = 1000, based on which one has u∗ ' −5.76. Note that
band inversion happens at each layer, which indicates that the state
at each layer is topologically nontrivial.
where |Ψ〉 is the exact ground state of a Chern insulator in Eq.
(3.3), one can obtain
gnontrivial(u) =
1
2
Λeu(m+ Λ2e2u)
(m− Λ2e2u)2 + Λ2e2u
+arctan
√
(m− Λ2e2u)2 + Λ2e2u + (m− Λ2e2u)
Λeu
.
(4.6)
It is straightforward to check that
gnontrivial(u) = gtrivial(u) +
pi
2
, (4.7)
where gtrivial(u) is g(u) obtained from the cMERA with a
topologically trivial IR state(see Eq. (3.19)).
Following the same procedures in Sec.III, one can also de-
fine the emergent holographic metric with the expression
gnontrivialuu (u) =
1
2
[
gnontrivial(u)
]2
. (4.8)
B. Band inversion in cMERA of Chern insulators
To understand the topological property of the state
at each layer, we study the band inversion behavior in
the bulk of cMERA with a topologically nontrivial IR
state. As discussed in Sec.III, we use dz(k, u) =
〈Ψ(k, u)|σz|Ψ(k, u)〉 to track the band inversion, where
|Ψ(k, u)〉 =
(
Pk(u)ψ
†
2(k)−Qk(u)ψ†1(k)
)
|vac〉 is the sin-
gle particle wave-function. By using the expression of Pk(u)
and Qk(u) in Eq. (4.3), one can obtain
dz(k, u) = cos 2ϕk(u), (4.9)
where ϕk(u) is now expressed in terms of gnontrivial(u) (see
Eq. (3.34)). The plot of dz(k, u) is shown in Fig. 10. Dif-
ferent from the case with a topologically trivial IR state, it is
found that the band inversion happens at each layer u, which
indicates that the state at each layer is topologically nontrivial.
To have a better understanding of the band inversion, it is
helpful to see how dz(k, u) is related with gnontrivial(u). In
the following, we discuss the behavior of dz(k, u) in separate
regions:
Region I : u∗ < u ≤ uUV, k > k∗
Region II : uIR < u < u∗, k > Λeu
Region III : uIR < u < uUV, k  min[Λeu∗ ,Λeu].
(i) Region I : This region corresponds to the upper right
corner in Fig. 10. In this region, one has gnontrivial(u) ' 0, and
therefore ϕk(u) ' 0. Then we have
dz(k, u) = cos 2ϕk(u) ' 1. (4.10)
(ii) Region II : This region is trivial in the sense that the
single-particle state |Ψ(k, u)〉 is the same as the IR state
|Ωnontrivial(k)〉, because no entanglement is created/removed
in this region. Based on Eq. (4.4), one has
dz(k, u) = 〈Ωnontrivial(k)|σz|Ωnontrivial(k)〉 = 1. (4.11)
(iii) Region III : In this region, to make an estimation of
dz(k, u), we use the approximated expression of gnontrivial(u),
i.e.,
gnontrivial(u) '

pi
2
, u < u∗
0, u > u∗.
(4.12)
Then ϕk(u) can be expressed as
ϕk(u) 'pi
2
∫ min[u∗,u]
log kΛ
ds
k
Λes
=
pi
2
(
1− k
min[Λeu∗ ,Λeu]
)
,
(4.13)
based on which one has
dz(k, u) = cos
[
pi
(
1− k
min [Λeu∗ ,Λeu]
)]
. (4.14)
By considering k  min[Λeu∗ ,Λeu], then dz(k, u) can be
evaluated as
dz(k, u) = cos
[
pi
(
1− 0+)] ' −1. (4.15)
Based on the discussions above, it is apparent that as we
increase k from k = 0, dz(k, u) changes as follows:
dz(k, u) : −1→ +1, (4.16)
which happens in each layer u from uIR to uUV. In other
words, the band inversion happens in each layer u. This is
in agreement with the calculation in Fig. 10. It is empha-
sized that the discussion above applies to the whole region
with 0 ≤ k ≤ Λ and uIR < u < uUV, which indicates that the
state in each layer is topologically nontrivial.
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FIG. 11. Comparison of cMERA constructed Berry curvature
Fu(k, θk;u = 0) with the exact result for a Chern insulator. The
parameters we use are m = 10 and Λ = 1000.
C. Berry curvature flow in cMERA of Chern insulators
To further identify the topological property in each layer of
cMERA, in this part, we will study the Berry curvature flow
in the bulk of cMERA.
Following the previous section, based on the wavefunction
in Eqs. (4.1) and (4.3), one can obtain the Berry connection as
follows
Ak(k, θk;u) =− i〈Ψ(k, u)|∂k|Ψ(k, u)〉 = 0,
Aθk(k, θk;u) =−
i
k
〈Ψ(k, u)|∂θk |Ψ(k, u)〉 = −
1
k
cos2 ϕk(u),
Au(k, θk;u) =− i〈Ψ(k, u)|∂u|Ψ(k, u)〉 = 0,
(4.17)
where ϕk(u) is defined as
ϕk(u) =
∫ u
log k/Λ
dsgnontrivial(s)
ke−s
Λ
. (4.18)
Therefore, the Berry curvature can be obtained by calculating
~F = ∇× ~A. Then we have
~F(k, θk;u) :=uˆFu(k, θk;u) + kˆFk(k, θk;u)
=uˆ
[
1
k
sin 2ϕk(u)∂kϕk(u)
]
+ kˆ
[
−1
k
sin 2ϕk(u)∂uϕk(u)
]
.
(4.19)
As the first step, we check if the Berry curvature and Berry
flux obtained from cMERA agrees the exact results in the UV
layer u = uUV. As shown in Fig. 11, we compare the cMERA
constructed Fu(k, θk;u = 0) and the exact result of Berry
curvature in Eq. (7.12) in the low energy physics region k 
Λ, and they agree with each other very well. Then in Fig.
12, we compare the Berry flux obtained from cMERA and the
exact result in the whole region 0 ≤ k ≤ Λ. For cMERA
with a topologically trivial IR state, the Berry flux agrees with
the exact result only in the region k  Λ. As k increases,
the Berry flux deviates from the the exact result, and decays
to zero gradually. For cMERA with a topologically nontrivial
0 200 400 600 800 1000
−1
−0.8
−0.6
−0.4
−0.2
0
k
Φ
(u=
0)/
2pi
 
 
exact
cMERA with trivial IR
cMERA with nontrivial IR
FIG. 12. Comparison of cMERA constructed Berry flux Φ(u =
0)/2pi in layer u = uUV = 0 with the exact result for a Chern insu-
lator. For cMERA with a topologically trivial IR state, the Berry flux
deviates from the exact result from certain momentum k, and decays
to 0 gradually as k → Λ. For cMERA with a topologically nontrivial
IR state, however, it agrees with the exact result in the whole region.
The parameters we use are m = 10 and Λ = 1000.
IR state, the Berry flux obtained from cMERA agrees with the
exact result in the whole region 0 ≤ k ≤ Λ, which indicates
that cMERA with a topologically nontrivial IR state respects
the topological property of the exact ground state.
Then we will study the Berry curvature flow in the bulk
of cMERA in the following. As shown in Fig. 13, we
plot the vector field ~F(k, θk;u) based on Fu(k, θk;u) and
Fk(k, θk;u). Quite different from the results in cMERA with
a topologically trivial IR state, here the Berry curvature is not
bent backwards near u∗. On the contrary, the Berry curva-
ture is bent towards smaller k, and then flows towards the
IR layers. Note that the Berry curvature flow in IR layers
(uIR < u < u∗) is not shown here, because the Berry cur-
vature converges to smaller k and the field strength is very
strong (Therefore, to have a good contrast of display for the
Berry curvature flow near u∗, we only plot ~F (k, θk;u) in the
finite region.). Nevertheless, the behavior of Berry curvature
flow in the whole region is schematically shown in Fig. 14. In
Appendix VII D, we give a detailed analysis on how the Berry
curvature flow ~F(k, θk;u) in the bulk of cMERA is related
with the behavior of gnontrivial(u).
In addition, we check the total Berry flux Φ(u) in different
layers, and find that the Berry flux in each layer is conserved
to be Φ(u) = −2pi. This can be easily understood by writing
down the form of Berry flux explicitly
Φ(u, k = Λeu) =
∮
A(k, θk;u)kdθk
∣∣
k=Λeu
=− 2pi cos2 ϕk(u)
∣∣
k=Λeu
.
(4.20)
By noting that ϕk(u)|k=Λeu = 0, one has
Φ(u, k = Λeu) = −2pi, (4.21)
which is independent of the layer u.
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FIG. 13. Berry curvature flow in the bulk of cMERA for a Chern
insulator with a topologically nontrivial IR state. The parameters we
use are m = 10 and Λ = 1000, based on which one has u∗ '
−5.76.
As a short sum in this part, we find that all the Berry curva-
ture emanated from the UV layer flows to the IR layer, and the
total Berry flux at each layer u is conserved to be −2pi. This
verifies that the cMERA constructed wavefunction |Ψ(u)〉 at
each layer u is topologically nontrivial. Our result parallels
with the story in the lattice MERA7,8,35.
We give some remarks before ending this part. It is noticed
that if we focus on the IR state |Ωnontrivial〉 in Eq. (4.4), there
is no real space entanglement. However, for an arbitrary finite
layer u, the state in Eq. (4.1) carries finite real space entangle-
ment, because of its topologically nontrivial property. This is
as expected, because we cannot remove all the entanglement
of a Chern insulator by simply using a local unitary operation
within finite depth.
In Appendices VII F, we also discuss the cMERA construc-
tion for a Chern insulator with higher Chern numbers. Both
topologically trivial and nontrivial IR states are considered.
The physical pictures are basically the same as the case with
Ch1 = −1 as discussed in the main text.
V. DISCUSSIONS AND CONCLUSIONS
In this paper, we studied the entanglement renormaliza-
tion group flows of topological band insulators in (2+1)D
with cMERA. In particular, we constructed the cMERA for
a Chern band insulator with topologically trivial and nontriv-
ial IR states, respectively.
For the cMERA of a Chern insulator with a topologically
trivial IR state, the UV state constructed from cMERA agrees
with the exact ground state in the low energy physics region
k  Λ. The topological properties in the bulk of cMERA
were studied through band inversion and Berry curvature flow.
In the low energy physics region, it was found that band in-
version happens in the region u∗ < u < uUV, where u∗ is
determined by the mass term. In the region uIR < u < u∗,
however, there is no band inversion. This indicates a ‘topolog-
ical phase transition’ in the renormalization direction. Then
u
k
FIG. 14. Schematic plot of Berry curvature flow in the bulk of
cMERA for a Chern insulator with a topologically nontrivial IR state.
All the Berry curvature emanated from the UV layer flows to the IR
layer. The total Berry flux in each layer is conserved to be −2pi.
we studied the Berry curvature flow in the bulk of cMERA. It
was found that the Berry curvature, which is emanated from
the low energy physics region in the UV layer, is bent back-
wards near u = u∗. Finally, these Berry curvature flows to
the large k region in the UV layer, which results in a total zero
Berry flux in each layer of cMERA. Therefore, the cMERA
constructed UV state cannot recover the exact ground state
of a Chern band insulator in the whole region 0 ≤ k ≤ Λ.
Besides the topological properties, we also studied the geo-
metric properties in the bulk of cMERA by calculating the
holographic metric.
For the cMERA of a Chern insulator with a topologically
nontrivial IR state, the UV state constructed from cMERA
agrees with the exact ground state in the whole region 0 ≤
k ≤ Λ. It was found that band inversion happens in each layer
of cMERA, and the total Berry flux in each layer is conserved
to be −2pi. Furthermore, we studied how the Berry curva-
ture flows in the bulk of cMERA. We found that all the Berry
curvature emanated from the UV layer flows to the IR layer.
This means a topologically nontrivial UV state corresponds
to topologically nontrivial states in the bulk of cMERA. This
parallels with the story in the lattice MERA, where it is found
that if the UV state is nontrivial in topology, then the state in
each layer of the bulk is similarly nontrivial.
Finally, we mention some interesting future problems as
follows.
• Finite temperature effect on cMERA of topological insu-
lators
Our current work focuses on the cMERA construction of
topological insulators at zero temperature. Most recently,
topological insulators at finite temperature were studied by in-
troducing two quantities: the Uhlmann phase in (1+1)D sys-
tems and the Uhlmann number in (2+1)D systems47–49, which
are used to characterize the topological invariant of the sys-
tem at finite temperatures. In particular, it is found that, for
topological insulators, there exists a critical temperature Tc
where thermal topological phase transitions may happen. It
16
may prove interesting to study how finite temperature T af-
fects the topological property as well as the geometric prop-
erty in the bulk of cMERA, and in particular, how the ther-
mal topological phase transition reveals itself in the bulk of
cMERA.
• cMERA for interacting topological phases
The topological band insulators we discussed here are non-
interacting systems. Generalizing our method to topologi-
cal phases with interactions, such as fractional quantum hall
states or fractional Chern insulators, remains an open prob-
lem. To obtain the ground state of fractional quantum hall
systems or fractional Chern insulators, one may project copies
of free fermion states onto a gauge invariant subspace50. How
such projections affect the bulk properties of cMERA is un-
known at this moment.
• Quench dynamics in cMERA
Recently, quench dynamics in AdS/CFT correspondence
has been discussed intensively. In particular, the time evo-
lution of cMERA after a global quantum quench has been
studied in free field theories26. It is found that the behavior
of the holographic metric qualitatively agrees with its grav-
ity dual given by a half of the AdS Schwarzschild black hole
spacetime51. As studied in our current work, the geometric
and topological properties are closely related with each other
through the disentangler in cMERA. Therefore, it will be of
great interest to study how the quantum quench affects the
topological quantities, e.g., the Berry curvature flow in the
bulk of cMERA.
• The relation of cMERA and exact holographic mapping
In a companion paper52, by using the exact holographic
mapping (EHM), the holographic duality between a (2+1)D
Chern insulator and a (3+1)D topological insulator is studied.
In the EHM approach, the Chern number of the boundary the-
ory gets distributed to different positions of the bulk. There-
fore the two different approaches lead to different bulk theo-
ries. It will be interesting to have more direct comparison of
the dual geometry obtained in these two approaches in future
works.
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FIG. 15. Tensor network structure of the lattice MERA. Circles are
lattice sites at different coarse-graining scales. Blue squares are uni-
tary disentaglers which are used to remove short range entanglement
between neighboring blocks, and green triangles are isometric coarse
graining transformations which map a block of sites into a single site
in the next layer. In different layers, entanglements are removed in
different length scales. For a deeper layer u, we create/remove entan-
glement in a larger length scale ae−u, where a is the lattice constant.
VII. APPENDICES
A. Brief review of the lattice MERA
Some nice reviews of the lattice MERA can be found in
Refs. 45 and 46. For the completeness of this paper, we give
a brief introduction to the lattice MERA here. The construc-
tion of the lattice MERA can be understood in the following
two ways. First, it can be considered as a coarse graining
transformation (combined with disentangling operations) that
maps the lattice Lu in layer u to a sequence of coarser lattices
Lu−1,Lu−2, · · · , and therefore it leads to a real space renor-
malization group transformation. Secondly, the lattice MERA
can be viewed as quantum circuits with the output as the states
living on the lattice at u = 0 and the quantum gates as the dis-
entanglers and ‘coarse grainers’ (isometries). With appropri-
ate quantum gates, the lattice MERA can transform the input,
which is an unentangled state at the IR layer, into the target
state |Ψ〉, which faithfully represents the ground state.
Here we choose the language of renormalization group
transformation for concreteness. Denoting L as the lattice
withN sites living in (d+1) dimensions in which the bare lat-
tice Hamiltonian and its ground state are written on, the lattice
MERA is composed of tensors living in |T | ' logN different
layers, with each layer containing a row of disentanglers v and
a row of isometriesw. Let us take the lattice MERA in (1+1)D
for example, as shown in Fig. 15. We start from the origi-
nal lattice L0 ≡ L. By applying disentanglers V †−1 =
∏
v†
to remove the short range entanglement between neighboring
blocks, and then applying isometries W †−1 =
∏
w† to map
blocks of sites in L0 into single sites in the next layer, we ob-
tain L−1 which is the first step coarse grained lattice of L0.
Repeating this procedure, we get a sequence of lattices in the
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|0〉 |0〉 |0〉 |0〉 |0〉 |0〉 |0〉 ? |0〉 |0〉 |0〉 |0〉 |0〉 |0〉 |0〉 ?
FIG. 16. ‘Interaction’ picture of MERA. We add a dummy |0〉 at
each isometry operation w to keep the Hilbert space conserved. The
circles, squares, and triangles have the same meaning as those in
Fig.15.
lattice MERA:
L0
U†−1−→ L−1
U†−2−→ · · · Lu
U†u−1−→ Lu−1 · · · U
†
T−→ LT , (7.1)
where U†u = W
†
uV
†
u . We get the increasingly coarse
grained states, corresponding to the increasingly coarser lat-
tices {L0,L−1, · · · ,LT }, as follows
|Ψ0〉
U†−1−→ |Ψ−1〉
U†−2−→ · · · |Ψu〉
U†u−1−→ |Ψu−1〉 · · · U
†
T−→ |ΨT 〉.
(7.2)
To be more precise, |Ψu−1〉 = U†u−1|Ψu〉, from which one
can obtain
|Ψ0〉 =U−1U−2 · · ·UT |ΨT 〉 = P
∏
u
VuWu|ΨT 〉, (7.3)
where the symbol P is a path-ordering which puts all opera-
tors with smaller u to the right. Eq. (7.3) is very useful for
the following reasons: (i) It is straightforward to generalize to
continuum MERA, as will be seen clearly later. (ii) It makes
the construction of the lattice MERA intuitive. Given |ΨT 〉
which may be unentangled, by doing dilation (scaling)W and
adding short-ranged entanglement V repeatedly, we can ob-
tain the target state |Ψ0〉 which is the ground state for a given
Hamiltonian. (iii) It makes clear that at each layer the disen-
tanglerW (u) acts in different length scales. As u goes deeper
towards T , the quantum entanglement is created/removed in
larger length scales ae−u, and thus smaller momentum scales
eu/a, where a is the lattice constant. For the algorithm to op-
timize the disentanglers V and isometries W , one can refer to
the detailed descriptions in Refs. 45 and 46.
Next, we introduce the ‘interaction’ picture of MERA, as
shown in Fig. 16. The convenience of the ‘interaction’ picture
of MERA is that as the layer u varies, the size of the Hilbert
space is conserved. This is in contrast with the conventional
picture of MERA in Fig. 15, where the size of the Hilbert
space is reduced by a half as u → u − 1. The strategy of
constructing the ‘interaction’ picture of MERA is simple; at
each isometry (scaling), we add a dummy state |0〉 replacing
the state in the Hilbert space to be truncated in the isometry
process. Therefore, as u goes deeper towards uT, we get a lot
of extra |0〉’s which are un-entangled in |ΨT 〉. This also sup-
ports an intuitive picture of the MERA that as u varies from
uT to u0, we are adding entanglement on the un-entangled
state |0〉 ⊗ |0〉 ⊗ · · · |0〉 at different length scales depending
on the layer u. As discussed in the main text, the ‘interaction’
picture of MERA is useful in the construction of cMERA.
B. cMERA of different phases with topologically trivial IR
states
1. cMERA of nonrelativistic Chern insulators
A Chern insulator in (2+1) dimensions can be described by
a simple two-band model with the Hamiltonian37,38 (See also
Eq. (3.1) for more details.)
H =
∫
d2kψ†(k) [R(k) · σ]ψ(k), (7.4)
where
R(k) = (kx, ky, m− k · k), (7.5)
andm > 0. The Hamiltonian in Eq. (7.4) can be diagonalized
by using a unitary transformation
ψ(k) = U(k)ψ˜(k), (7.6)
where
U(k) =
1√
2R (R+R3)
(
R3 +R −(R1 − iR2)
R1 + iR2 R3 +R
)
=:
(
uk −vk
v∗k uk
)
,
(7.7)
with R(k) = |R(k)|. Then one can get
H =
∫
d2k
[
R(k)ψ˜†1(k)ψ˜1(k)−R(k)ψ˜†2(k)ψ˜2(k)
]
,
(7.8)
and the ground state |Ψ〉 is defined by
ψ˜1(k)|Ψ〉 = 0, ψ˜†2(k)|Ψ〉 = 0. (7.9)
This condition is met uniquely by the state
|Ψ〉 =
∏
|k|≤Λ
ψ˜†2(k)|vac〉 =
∏
|k|≤Λ
(
ukψ
†
2(k)− vkψ†1(k)
)
|vac〉,
(7.10)
where
uk =
1√
N
(
(m− k2) +
√
(m− k2)2 + k2
)
,
vk =
1√
N
(
ke−iθk
)
,
(7.11)
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andN is a normalization factor so that |uk|2 + |vk|2 = 1, k ≡
|k|, and θk is defined through k cos θk = kx and k sin θk =
ky . Based on the wavefunction, one can calculate the Berry
curvature at momentum k as follows
F(k, θk) =− 1
2
m+ k2[
k2 + (m− k2)2
] 3
2
. (7.12)
Next we will use cMERA to construct the ground state in Eq.
(7.10). In the main text, we have found that the wavefunction
at layer u is expressed as (See Eq. (3.13))
|Ψ(u)〉 =
∏
|k|≤Λ
(
Pk(u)ψ
†
2(k)−Qk(u)ψ†1(k)
)
|vac〉.
(7.13)
where the expression of Pk(u) and Qk(u) can be found in
Eq. (3.15). Then, by requiring that |Ψ(u = uUV)〉 = |Ψ〉, and
defining
ϕk(u) :=
∫ u
uIR
du′grk(u
′) =
∫ u
log k/Λ
du′g(u′)
ke−u
′
Λ
, (7.14)
one has
ϕk(uUV) = arctan
−k
m− k2 +√(m− k2)2 + k2 . (7.15)
After some straightforward algebra, one can obtain the form
of g(u) in the following,
g(u) =− k
2
Λ
∂
∂k
(
Λ
k
ϕk(uUV)
) ∣∣
k=Λeu
=ϕk(uUV)− k∂kϕk(uUV)
∣∣
k=Λeu
,
which, after plugging Eq. (7.15) in, results in
g(u) =
1
2
Λeu(m+ Λ2e2u)
(m− Λ2e2u)2 + Λ2e2u
−arctan Λe
u√
(m− Λ2e2u)2 + Λ2e2u + (m− Λ2e2u) .
(7.16)
Then we obtain g(u) in Eq. (3.19).
2. cMERA of nonrelativistic trivial insulators
The cMERA of non-relativistic trivial insulators is slightly
different from Chern insulators because of the sign change of
mass term m, as discussed below.
For non-relativistic trivial insulators, one has
R(k) = (kx, ky,m− k2), (7.17)
with m < 0. However, we should be careful when using the
expression of ground state |Ψ〉 in Eq. (3.3) (with u(k) and
v(k) expressed in Eq. (7.7)), since one can find that |Ψ〉 is not
well defined at k = 0 when m < 0. Therefore, we need to
change the gauge so that
uk =− R1 + iR2√
2R (R−R3)
,
vk =− R−R3√
2R (R−R3)
.
(7.18)
which can be written explicitly as
uk =− 1√
N
keiθk ,
vk =− 1√
N
(√
(m− k2)2 + k2 − (m− k2)
)
.
(7.19)
The Berry curvature has the same form as that of Chern insu-
lators, i.e.,
F(k, θk) =− 1
2
m+ k2[
k2 + (m− k2)2
] 3
2
, (7.20)
but with m < 0. By comparing the cMERA constructed
wavefunction |Ψ(u)〉 in Eq. (3.13) and the exact ground state
wavefunction, we can set A = −B = ieiθk/2. Then one has{
Qk =− cosϕk(u),
Pk =− eiθk sinϕk(u).
(7.21)
For u = uIR, one has
|Ω〉 = |Ψ(u→ uIR)〉 =
∏
k≤Λ
ψ†1(k)|vac〉. (7.22)
Then, by requiring |Ψ(uUV)〉 = |Ψ〉, where |Ψ〉 is the exact
ground state of a nonrelativistic insulator, one has
ϕk(uUV) = arctan
k√
(m− k2)2 + k2 − (m− k2) , (7.23)
based on which one can find
g(u) = ϕk(uUV)− k∂kϕk(uUV)
∣∣
k=Λeu
=
1
2
Λeu(m+ Λ2e2u)
(m− Λ2e2u)2 + Λ2e2u
+arctan
Λeu√
(m− Λ2e2u)2 + Λ2e2u − (m− Λ2e2u) .
(7.24)
One can simply check that in the IR limit and UV limit,
g(u) =
{
0 u = uIR,
0 u = uUV.
(7.25)
With the wavefunction |Ψ(u)〉 in layer u, one can get the
Berry curvature
~F(k, θk;u) =uˆ
[
1
k
sin 2ϕk(u)∂kϕk(u)
]
+ kˆ
[
−1
k
sin 2ϕk(u)∂uϕk(u)
]
,
(7.26)
based on which one can plot the Berry curvature flow in the
bulk of cMERA as shown in Fig. 17.
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FIG. 17. Berry curvature flow in cMERA of a non-relativistic in-
sulator with m < 0. The parameters we use are m = −10 and
Λ = 1000.
3. cMERA of relativistic insulators with m > 0
The cMERA construction of relativistic insulators with
m > 0 in (2+1) dimensions is similar with that of non-
relativistic Chern insulators as discussed in the main text. In
this case, one has
R(k) = (kx, ky, m). (7.27)
Then based on Eq. (7.7), one can obtain
uk =
1√
N
(
m+
√
m2 + k2
)
,
vk =
1√
N
(
ke−iθk
)
,
(7.28)
where N is the normalization factor. Based on the ground
state wavefunction, one can get the Berry curvature :
F(k, θk) =− 1
2
m
(m2 + k2)
3
2
. (7.29)
The cMERA constructed Pk(u) and Qk(u) have the same
expressions as those in Eq. (3.15). By requiring |Ψ(u)〉 =
|Ψ〉, one can obtain
ϕk(uUV) = arctan
−k
m+
√
m2 + k2
, (7.30)
based on which one can get the form of g(u):
g(u) =ϕk(uUV)− k∂kϕk(uUV)
∣∣
k=Λeu
=
1
2
mΛeu
m2 + Λ2e2u
− arctan Λe
u
√
m2 + Λ2e2u +m
.
(7.31)
It is straightforward to check that in the IR limit and UV limit,
one has
g(u) =
 0 u = uIR,− pi
4
u = uUV.
(7.32)
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FIG. 18. Berry curvature flow in cMERA of a relativistic insulator
with m > 0. The parameters we used are m = 2 and Λ = 1000.
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FIG. 19. Berry curvature flow in cMERA of a relativistic insulator
with m < 0. The parameters we use are m = −2 and Λ = 1000.
With the wavefunction |Ψ(u)〉 in layer u, one can get the
Berry curvature
~F(k, θk;u) =uˆ
[
−1
k
sin 2ϕk(u)∂kϕk(u)
]
+ kˆ
[
1
k
sin 2ϕk(u)∂uϕk(u)
]
,
(7.33)
based on which one can obtain the Berry curvature flow in the
bulk of cMERA as shown in Fig. 18.
4. cMERA of relativistic insulators with m < 0
The cMERA construction of relativistic insulators with
m < 0 in (2+1) dimensions is similar with that of non-
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relativistic trivial insulators. R(k) has the same expression
as Eq. (7.27) except that we use m < 0 now. uk and vk can
be obtained based on the expression in Eq. (7.18), and are ex-
pressed as
uk =− 1√
N
keiθk ,
vk =− 1√
N
(√
m2 + k2 −m
)
,
(7.34)
where N is the normalization factor. Based on the ground
state wavefunction, one can get the Berry curvature with the
same expression in Eq. (7.29), i.e.,
F(k, θk) =− 1
2
m
(m2 + k2)
3
2
, (7.35)
with m < 0. In cMERA construction, similar with the case of
non-relativistic trivial insulators, Pk and Qk have the expres-
sions {
Qk =− cosϕk(u),
Pk =− eiθk sinϕk(u).
(7.36)
For u = uIR, one has
|Ω〉 = |Ψ(u→ uIR)〉 =
∏
k≤Λ
ψ†1(k)|vac〉. (7.37)
By requiring that |Ψ(uUV)〉 = |Ψ〉, where |Ψ〉 is the exact
ground state, one has
ϕk(uUV) = arctan
k√
m2 + k2 −m, (7.38)
based on which one can obtain the form of g(u):
g(u) =ϕk(uUV)− k∂kϕk(uUV)
∣∣
k=Λeu
=
1
2
mΛeu
m2 + Λ2e2u
+ arctan
Λeu√
m2 + Λ2e2u −m.
(7.39)
It is straightforward to check that in the IR limit and UV limit,
one has
g(u) =
 0 u = uIR,pi
4
u = uUV.
(7.40)
With the wavefunctions |Ψ(u)〉 in layer u, one can obtain the
Berry curvature
~F(k, θk;u) =uˆ
[
1
k
sin 2ϕk(u)∂kϕk(u)
]
+ kˆ
[
−1
k
sin 2ϕk(u)∂uϕk(u)
]
,
(7.41)
based on which one can obtain the Berry curvature flow in the
bulk of cMERA as shown in Fig. 19.
5. Vortex feature in the Berry curvature flow
In this part, we analyze the vortex feature near u = u∗ in
Fig.7. Acrossing the vortex core, there are sign changes in
both Fu(k, θk;u) and Fk(k, θk;u). For convenience, let us
rewrite the expression of Fu(k, θk;u) and Fk(k, θk;u) here
Fu(k, θk;u) =− 1
k
sin 2ϕk(u)∂kϕk(u),
Fk(k, θk;u) = 1
k
sin 2ϕk(u)∂uϕk(u).
First, let us discuss the sign change in Fu(k, θk;u) as we
change k while keeping u = u∗ fixed. In Fu(k, θk;u), the
explicit form of ∂kϕk(u) is
∂kϕk(u) = −g(s)
Λes
∣∣∣
s=log k/Λ
+
∫ u
log k/Λ
ds
g(s)
Λes
. (7.42)
For k  k∗, the boundary term − g(s)Λes
∣∣∣
s=log k/Λ
equals zero
and does not play any role, and therefore one has positive
∂kϕk(u). As k → k∗, however, the boundary term domi-
nates and one has negative ∂kϕk(u), which explains the sign
change in Fu(k, θk;u).
Second, let us discuss the sign change in Fk(k, θk;u) as
we change u across u∗ while keeping k fixed. This is directly
related with the sign change of g(a)(u)(see Fig. 4) by consid-
ering
∂uϕk(u) =
k
Λeu
g(u). (7.43)
In a short sum, the vortex feature of ~F(k, θk;u) in cMERA
of Chern insulators is closely related with the sign change in
g(u). Note that in the other three phases, i.e., non-relativistic
trivial insulators, relativistic insulators with m > 0 and rela-
tivistic insulators with m < 0, there is no sign change in the
corresponding gi(u) (see Fig. 4). Therefore, the vortex fea-
ture in Berry curvature flow only exists in cMERA of Chern
insulators.
C. Other components of metric in cMERA
Given the wavefunction |Ψi(u)〉, we can also calculate
other components of the metric at each layer u. Similar
with the method to define guu(k, u), we consider the over-
lap of wavefunctions |Ψi(k, u)〉 and |Ψi(k + dk, u)〉, where
|Ψi(k, u)〉 is the single-particle wavefunction. Then one can
get
gikk(k, u) =Re〈∂kΨi(k, u)|∂kΨi(k, u)〉
− 〈∂kΨi(k, u)|Ψi(k, u)〉〈Ψi(k, u)|∂kΨi(k, u)〉.
(7.44)
which can be further simplified as
gikk(k, u) =
[
∂kϕ
i
k(u)
]2
. (7.45)
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Following similar procedures, one can calculate giku(k, u),
and the result is
giku(k, u) = ∂kϕ
i
k(u)∂uϕ
i
k(u), (7.46)
where ∂kϕik(u) is expressed in Eq. (7.42) and ∂uϕ
i
k(u) is ex-
pressed as in Eq. (7.43).
D. Berry curvature flow in cMERA of a Chern insulator with
a topologically nontrival IR state
In this part, we study how the feature of Berry curvature
flow in Fig. 13 is related with the behavior of gnontrivial(u).
(i) Behavior of Fk(k, θk;u):
Based on the expression of ~F(k, θk;u) in Eq. (4.19), one
has
Fk(k, θk;u) = −1
k
sin 2ϕk(u)∂uϕk(u).
Then by using the expression of ∂uϕk(u) in Eq. (7.43),
Fk(k, θk;u) can be expressed as
Fk(k, θk;u) = − sin 2ϕk(u)
Λeu
gnontrivial(u). (7.47)
To make an estimation of Fk(k, θk;u), we simply use the ap-
proximated form of gnontrivial(u) as follows
gnontrivial(u) '

pi
2
, u < u∗
0, u > u∗.
(7.48)
Based on Eqs. (7.47) and (7.48), one can get
Fk(k, θk;u) = 0, ∀u > u∗,
which indicates that there is on Berry curvature flow in k di-
rection. On the contrary, for u < u∗, one has
Fk(k, θk;u) = −pi
2
sin 2ϕk(u)
Λeu
,
where
ϕk(u) =
pi
2
∫ u
log kΛ
ds
k
Λes
=
pi
2
(
1− k
Λeu
)
.
Considering that k < Λeu, one always has sin 2ϕk(u) > 0.
Therefore, one has
Fk(k, θk;u) < 0, ∀u < u∗.
From the analysis above, it is found that the Berry curvature
component Fk(k, θk;u) is finite only in the IR layers and it
points towards the smaller k direction.
(ii) Behavior of Fu(k, θk;u):
To study the bending of the Berry curvature flow, we are
interested in the region k < min [k∗,Λeu]. From Eq. (4.19),
one has
Fu(k, θk;u) = 1
k
sin 2ϕk(u)∂kϕk(u). (7.49)
By using the expression of ∂kϕk(u) in Eq. (7.42) and the ap-
proximation in Eq. (7.48) one has
Fu(k, θk;u) =

0, u > u∗
− pi
2
1
Λeu
sin 2ϕk(u)
k
, u < u∗.
(7.50)
Considering that sin 2ϕk(u) > 0, one always has
Fu(k, θk;u) < 0 for u < u∗. This means that Fu(k, θk;u)
always flows towards the IR layer.
Based on the above analysis on Fk(k, θk;u) and
Fu(k, θk;u), we understand that the Berry curvature em-
anated from the UV layer is bent towards smaller k near u∗,
and then flows towards the IR layer (see Fig. 13 and Fig. 14).
E. Discussion on trivial and non-trivial IR states for cMERA
of Chern insulators
In the main text, we have studied the cMERA construction
of a Chern insulator with topologically trivial and nontrivial
IR states, respectively. In both cases, we require that
|Ψ(k, u = uUV)〉 = |Ψ〉, (7.51)
where |Ψ〉 is the exact ground state of a Chern insulator. One
may ask why the cMERA with a topologically nontrivial IR
state can recover |Ψ〉 in the whole region (0 ≤ k ≤ Λ) while
the cMERA with a topologically trivial IR state cannot ful-
fill this? Here we will discuss this problem mainly from the
mathematical point of view.
For cMERA of Chern insulators with a topologically triv-
ial IR state, the wavefunction at each layer is |Ψ(u)〉 =∏
|k|≤Λ
(
Pk(u)ψ
†
2(k)−Qk(u)ψ†1(k)
)
|vac〉, where{
Qk(u) =− e−iθk sinϕk(u)
Pk(u) = cosϕk(u).
(7.52)
By requiring |Ψ(k, u = uUV)〉 = |Ψ〉, we can obtain the form
of ϕk(u) by solving differential equations. However, It is
found that the solution does not match the boundary condition
at u = uUV for large k. Let us check this problem explicitly
as follows.
In the large k limit k → Λ, one has
ϕk(k → Λ, uUV) = lim
k→Λ
∫ uUV=0
log k/Λ
dsg(s)
k
Λes
= 0. (7.53)
Therefore, the cMERA constructed single-particle wavefunc-
tion for |k| → Λ at uUV reads
|Ψ(k, u)〉 = ψ†2(k)|vac〉. (7.54)
On the other hand, the exact single-particle wavefunction at
large momentum |k| → Λ reads
|Ψ(k)〉 = −e−iθkψ†1(k)|vac〉. (7.55)
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Apparently, |Ψ(k, uUV)〉 6= |Ψ(k)〉 for |k| → Λ, i.e., the
boundary condition does not match. To solve this problem,
one needs to modify Qk(u) and Pk(u) in Eq. (7.52) as
Qk(u) =− e−iθk sin
(
ϕk(u)− pi
2
)
Pk(u) = cos
(
ϕk(u)− pi
2
)
.
(7.56)
In this way, one can find that in the large k limit,
|Ψ′(k)〉 ' −e−iθkψ†1(k)|vac〉, (7.57)
which satisfies the boundary condition at large momentum k.
One may be worried whether |Ψ′(k, uUV)〉 satisfies the bound-
ary condition for small k. This can also be explicitly checked
as follows. In the small k limit, one can simply use the ap-
proximation in Eq. (4.13), and then one can obtain
ϕk→0(u) ' pi
2
. (7.58)
Therefore, the cMERA constructed single-particle wavefunc-
tion |Ψ′(k, u)〉 in small k limit reads
|Ψ′(k→ 0, uUV)〉 ' ψ†2(k)|vac〉, (7.59)
which agrees with the exact boundary condition for k→ 0.
F. Generalization to higher Chern number cases
In this part, we generalize our cMERA method to construct
the ground state of the Hamiltonian
H =
∫
d2kψ†(k)h(k)ψ(k), (7.60)
with
h(k) =
(
m− (k · k)γ (kx − iky)γ
(kx + iky)
γ −(m− (k · k)γ)
)
, (7.61)
where γ is an integer and m > 0. Alternatively, h(k) can be
rewritten as
h(k) =
(
m− k2γ kγe−iγθk
kγeiγθk −(m− k2γ)
)
. (7.62)
The first Chern number corresponding to the ground state of
the Hamiltonian in Eq. (7.60) is Ch1 = −γ. The disentangler
Kˆ(u) has the expression
Kˆ(u) = i
∫
d2k
[
gk(u)ψ
†
1(k)ψ2(k) + g
∗
k(u)ψ1(k)ψ
†
2(k)
]
(7.63)
where
gk(u) := g(u)Γ
(
k
Λeu
)
k
Λeu
e−iγθk . (7.64)
Following the procedures of cMERA construction in the
main text, we can obtain the cMERA constructed wavefunc-
tion |Ψ(u)〉 = ∏|k|≤Λ (Pk(u)ψ†2(k)−Qk(u)ψ†1(k)) |vac〉,
where
{
Pk(u) = cosϕk(u),
Qk(u) =− e−iγθk sinϕk(u),
(7.65)
and the corresponding IR state is |Ω〉 = ∏|k|≤Λ ψ†2(k)|vac〉,
which is topologically trivial. By requiring that the cMERA
constructed wavefunction at the UV layer u = uUV matches
the exact ground state, one can obtain
gtrivial(u) =
γ
2
(Λeu)γ
[
m+ (Λeu)2γ
]
[m− (Λeu)2γ ]2 + (Λeu)2γ
− arctan (Λe
u)γ√
[m− (Λeu)2γ ]2 + (Λeu)2γ +m− (Λeu)2γ
.
(7.66)
Note that when γ = 1, we recover the results in Eq. (3.19).
Similar with our conclusion in the main text, to recover the
exact ground state in the whole region 0 ≤ k ≤ Λ, one should
consider the cMERA with a nontrivial IR state. Then Pk(u)
and Qk(u) have the following expressions
{
Pk(u) = sinϕk(u),
Qk(u) =e
−iγθk cosϕk(u).
(7.67)
The corresponding IR state is
|Ω〉 =
∏
|k|≤Λ
(
−e−iγθkψ†1(k)
)
|vac〉. (7.68)
Compared to gtrivial in Eq. (7.66), gnontrivial can be expressed as
gnontrivial(u) = gtrivial(u) +
pi
2
. (7.69)
1 G. Vidal, “Entanglement renormalization,” Phys. Rev. Lett. 99,
220405 (2007).
2 G. Vidal, “Class of quantum many-body states that can be effi-
ciently simulated,” Phys. Rev. Lett. 101, 110501 (2008).
23
3 G. Evenbly and G. Vidal, “Entanglement renormalization in non-
interacting fermionic systems,” Phys. Rev. B 81, 235102 (2010).
4 Lukasz Cincio, Jacek Dziarmaga, and Marek M. Rams, “Mul-
tiscale entanglement renormalization ansatz in two dimensions:
Quantum ising model,” Phys. Rev. Lett. 100, 240603 (2008).
5 G. Evenbly and G. Vidal, “Entanglement renormalization in two
spatial dimensions,” Phys. Rev. Lett. 102, 180406 (2009).
6 Robert N. C. Pfeifer, Glen Evenbly, and Guifre´ Vidal, “Entangle-
ment renormalization, scale invariance, and quantum criticality,”
Phys. Rev. A 79, 040301 (2009).
7 Miguel Aguado and Guifre´ Vidal, “Entanglement renormalization
and topological order,” Phys. Rev. Lett. 100, 070404 (2008).
8 Robert Ko¨nig, Ben W. Reichardt, and Guifre´ Vidal, “Exact entan-
glement renormalization for string-net models,” Phys. Rev. B 79,
195123 (2009).
9 Jutho Haegeman, Tobias J. Osborne, Henri Verschelde, and Frank
Verstraete, “Entanglement renormalization for quantum fields in
real space,” Phys. Rev. Lett. 110, 100402 (2013).
10 Masahiro Nozaki, Shinsei Ryu, and Tadashi Takayanagi, “Holo-
graphic geometry of entanglement renormalization in quantum
field theories,” Journal of High Energy Physics 2012, 193 (2012),
10.1007/JHEP10(2012)193.
11 Brian Swingle, “Entanglement renormalization and holography,”
Phys. Rev. D 86, 065007 (2012).
12 Mark Van Raamsdonk, “Building up spacetime with quantum en-
tanglement,” International Journal of Modern Physics D 19, 2429–
2435 (2010).
13 Mark Van Raamsdonk, “Building up spacetime with quantum en-
tanglement,” General Relativity and Gravitation 42, 2323–2329
(2010).
14 Javier Molina-Vilaplana and Pasquale Sodano, “Holographic view
on quantum correlations and mutual information between disjoint
blocks of a quantum critical system,” Journal of High Energy
Physics 2011, 11 (2011), 10.1007/JHEP10(2011)011.
15 Brian Swingle, “Mutual information and the structure of entan-
glement in quantum field theory,” arXiv:1010.4038 (2010).
16 Javier Molina Vilaplana, “Connecting entanglement renormaliza-
tion and gauge/gravity dualities,” arXiv:1109.5592 (2011).
17 Hiroaki Matsueda, “Scaling of entanglement entropy and hyper-
bolic geometry,” arXiv:1208.0206 (2012).
18 Kouichi Okunishi, “Wilson’s numerical renormalization group
and ads3 geometry,” arXiv:1208.1645 (2012).
19 Ning Bao, ChunJun Cao, Sean M. Carroll, Aidan Chatwin-
Davies, Nicholas Hunter-Jones, Jason Pollack, and Grant N.
Remmen, “Consistency conditions for an ads/mera correspon-
dence,” arXiv:1504.06632 (2015).
20 Masamichi Miyaji, Shinsei Ryu, Tadashi Takayanagi, and
Xueda Wen, “Boundary states as holographic duals of trivial
spacetimes,” Journal of High Energy Physics 2015, 14 (2015),
10.1007/JHEP05(2015)152.
21 Masamichi Miyaji and Tadashi Takayanagi, “Surface/state cor-
respondence as a generalized holography,” arXiv:1503.03542
(2015).
22 Masamichi Miyaji, Tokiro Numasawa, Noburo Shiba, Tadashi
Takayanagi, and Kento Watanabe, “Continuous multiscale entan-
glement renormalization ansatz as holographic surface-state cor-
respondence,” Phys. Rev. Lett. 115, 171602 (2015).
23 Xiao-Liang Qi, “Exact holographic mapping and emergent space-
time geometry,” arXiv: 1309.6282 (2013).
24 Ching Hua Lee and Xiao-Liang Qi, “Exact holographic mapping
in free fermion systems,” Phys. Rev. B 93, 035112 (2016).
25 Shinsei Ryu and Tadashi Takayanagi, “Holographic derivation of
entanglement entropy from the anti˘de sitter space/conformal field
theory correspondence,” Phys. Rev. Lett. 96, 181602 (2006).
26 Ali Mollabashi, Masahiro Naozaki, Shinsei Ryu, and Tadashi
Takayanagi, “Holographic geometry of cmera for quantum
quenches and finite temperature,” Journal of High Energy Physics
2014, 98 (2014), 10.1007/JHEP03(2014)098.
27 Herman Verlinde, “Poking holes in ads/cft: Bulk fields from
boundary states,” arXiv:1505.05069 (2015).
28 Yu Nakayama and Hirosi Ooguri, “Bulk locality and boundary
creating operators,” Journal of High Energy Physics 2015, 1–8
(2015).
29 Bartlomiej Czech, Lampros Lamprou, Samuel McCandlish,
and James Sully, “Integral geometry and holography,” arXiv:
1505.05515 (2015).
30 Bartlomiej Czech, Lampros Lamprou, Samuel McCandlish, and
James Sully, “Tensor networks from kinematic space,” arXiv:
1512.01548 (2015).
31 Mitsutoshi Fujita, Wei Li, Shinsei Ryu, and Tadashi Takayanagi,
“Fractional quantum hall effect via holography: Chern-simons,
edge states and hierarchy,” Journal of High Energy Physics 2009,
066 (2009).
32 J Dubail and N Read, “Tensor network trial states for chiral topo-
logical phases in two dimensions,” arXiv:1307.7726 (2013).
33 T. B. Wahl, H.-H. Tu, N. Schuch, and J. I. Cirac, “Projected
entangled-pair states can describe chiral topological states,” Phys.
Rev. Lett. 111, 236805 (2013).
34 Thorsten B. Wahl, Stefan T. Haßler, Hong-Hao Tu, J. Ignacio
Cirac, and Norbert Schuch, “Symmetries and boundary theo-
ries for chiral projected entangled pair states,” Phys. Rev. B 90,
115133 (2014).
35 Sukhwinder Singh and Guifre Vidal, “Symmetry-protected entan-
glement renormalization,” Phys. Rev. B 88, 121108 (2013).
36 M. Z. Hasan and C. L. Kane, “Colloquium : Topological insula-
tors,” Rev. Mod. Phys. 82, 3045–3067 (2010).
37 Xiao-Liang Qi and Shou-Cheng Zhang, “Topological insulators
and superconductors,” Rev. Mod. Phys. 83, 1057–1110 (2011).
38 Xiao-Liang Qi, Taylor L. Hughes, and Shou-Cheng Zhang,
“Topological field theory of time-reversal invariant insulators,”
Phys. Rev. B 78, 195424 (2008).
39 Brian Swingle and John McGreevy, “Renormalization group con-
structions of topological quantum liquids and beyond,” arXiv:
1407.8203 (2014).
40 Shunji Matsuura and Shinsei Ryu, “Momentum space metric,
nonlocal operator, and topological insulators,” Phys. Rev. B 82,
245113 (2010).
41 L. P. Kadanoff, W. Gotze, D. Hamblen, R. Hecht, E. A. S. Lewis,
V. V. Palciauskas, M. Rayl, J. Swift, and J. Aspnes, D.and Kane,
“Static phenomena near critical points: Theory and experiment,”
Rev. Mod. Phys. 39, 395–431 (1967).
42 Kenneth G. Wilson, “The renormalization group: Critical phe-
nomena and the kondo problem,” Rev. Mod. Phys. 47, 773–840
(1975).
43 Michael E. Fisher, “Renormalization group theory: Its basis and
formulation in statistical physics,” Rev. Mod. Phys. 70, 653–681
(1998).
44 Here we use the terminology ‘non-relativistic’ (‘relativistic’) sim-
ply because the dispersion relation is ∼ k2 (∼ k) at UV limit
k →∞. Alternatively, one can refer to these phases as insulators
with (without) regularization at UV limit.
45 G. Evenbly and G. Vidal, “Algorithms for entanglement renormal-
ization,” Phys. Rev. B 79, 144108 (2009).
46 Glen Evenbly and Guifre Vidal, “Quantum criticality
with the multi-scale entanglement renormalization ansatz,”
arXiv:1109.5334 (2011).
47 O. Viyuela, A. Rivas, and M. A. Martin-Delgado, “Uhlmann
phase as a topological measure for one-dimensional fermion sys-
24
tems,” Phys. Rev. Lett. 112, 130401 (2014).
48 O. Viyuela, A. Rivas, and M. A. Martin-Delgado, “Two-
dimensional density-matrix topological fermionic phases: Topo-
logical uhlmann numbers,” Phys. Rev. Lett. 113, 076408 (2014).
49 Zhoushen Huang and Daniel P. Arovas, “Topological indices for
open and thermal systems via uhlmann’s phase,” Phys. Rev. Lett.
113, 076407 (2014).
50 Xiao-Gang Wen, “Projective construction of non-abelian quantum
hall liquids,” Phys. Rev. B 60, 8827–8838 (1999).
51 Thomas Hartman and Juan Maldacena, “Time evolution of entan-
glement entropy from black hole interiors,” Journal of High En-
ergy Physics 2013, 14 (2013), 10.1007/JHEP05(2013)014.
52 Yingfei Gu, Ching Hua Lee, Xueda Wen, Gil Young Cho, Shinsei
Ryu, and Xiao-Liang Qi, “Holographic duality between (2+1)-d
quantum anomalous hall state and (3+1)-d topological insulators,”
arXiv:1605.00570 (2016).
